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Abstract—This paper discusses the synchronizatiolof power network and coupled Kuramoto oscillators. Be-
problem and it's solutions for large scale power networlcause synchronization condition of Kuramoto oscillators is
systems. We analyze dynamical properties of power netvell-known, this condition can be applied to power net-
works and derive the synchronization condition of electriwork via non-uniform Kuramoto model. The mosffdrent
cal generators. First, we employ a termed Kron reductioand remarkable point of this method is that the final syn-
method to derive swing equation, which describes states dffironization condition is concise and the condition relate
generators. Second, the derived equation is reduced irttothe underlying network parameters, state, and topology.
Non-uniform Kuramoto model, and then derive a synchro- In this paper, we employ this approximation method to
nization condition by using the reduced model. Finally, wenodel power grids. The reason why we did not employ the
have succeed in relaxing the synchronization condition bgonventional method is that we consider that conciseness
controlling power units. Eectiveness of the proposed con-of evaluation method becomes important because power
dition is shown via numerical control simulations. grid become more and more complex in the future. The
contribution of this paper is to relax the synchronization
condition derived from non-uniform Kuramoto model by
controlling the generators connected in the power network.

The power network system is one of the most complex First, we derive mathematical model of power network.

and largest machine engineered by humankind in the 20?6‘8 generators of the system are all controlled, to be pre-

century. If troubles occur in this huge, complex system, ff'set’] the cor:trollgd parjlmeters ari mec'?anlcaltlnputdm;
may result in large power failure and the loss is inscrutabl ach generator. >econd, a non-uniform ®uramoto mode

Therefore, the power grid is a system that should valug derived from the power netvyork_ model. _Then, we de-
safety most. rive and propose the synchronization condition and com-

One form of power network stability is the transient staPare proposed condition and traditional one, then confirm

bility, which is the ability of a power system to remain innumerlcal relaxing the synchronization condition. Finally,

synchronized state when subject to large transient distqﬁﬁ)c:\rlsgﬁf; of the proposed condition is shown via simu-

bances such as loss of load, generator, or system compo-
nents.
In order to analyze this transient stability various sophis¢- Power Network Model and Non-Uniform Kuramoto
ticated methods have been proposed, for example [1], [2]. Model
U.nfor.tL.mater, the existing methodls can cope on!y Wmﬁ.l. The Mathematical Model of a Power Network
simplified models and do not result in simple conditions to
check if a power system synchronizes for a given network In a power network wittN generators, we associate with
state and parameters. In fact, it is an outstanding problegeneratoii its normalized inertia constar;, its electri-
to relate synchronization and transient stability of a powetal power outpuPe;, its mechanical power inptRp;, its
network to the underlying network parameters, state, arthmping constanD;, and its rotor anglé; measured with
topology. respect to a synchronously rotating reference frame with
From such a background a quite new method of evaldrequencyf. These parameters are given in each power net-
ating the transient stability of the power system has beemork and the synchronous frequentis typically given as
proposed [3]. The feature of this method is to treat matte0OHz or 60Hz. Then, swing equations which are the rotor
ematical model of power network as approximation modelynamics of generatarare given as
called non-uniform Kuramoto model. This approximation _
model partly has the same character as the coupled Ku-  —6 = Py — Did — Pej, i €{1,...,N} (1)
ramoto oscillators, which is widely studied by the physics T
and the dynamical systems communities. In a word, noWhere all terms are in per unit value. Although a huge
uniform Kuramoto model plays a key role of the mediatiomumber of generator is generally connected to power net-

1. Introduction



N
\évork. In this paper, a power ne_twork which is consist of _Z EE;B;sinGi —6) (4)
(= N) generators and 22 buses is employed as a controlled
plant and its schematic structure is shown in Figure 1 [4].
This figure is partly based on New England Power Grid. WhereKp; is feedback gain, an@n; — KRig is the me-
chanical power input via feedback control. In this paper
this model (4) is called the power network model.

i

2.2. The Approximation Model of the Power Network
Model

This section puts power network model on mathematical
ground, then derives approximation model of that model.
The approximation model is named non-uniform Kuramoto
model. The most discriminative properties of the model
are that the model behaves not only as the power network
model but also as the Kuramoto model. So this approxi-
mation model serves as a bridge between power network
model and Kuramoto model. This leads to enable to ana-
lyze power network model as a oscillating system in terms

Fig 1: Power Grid of the Kuramoto model and apply the synchronization con-
dition of the Kuramoto model to the power network model.
Defining Y as the admittance matrix of this power grid, In order to derive the approximation model, we de-

this power network’s each edge connecting two nodes fine the natural frequency; = P — EiG] (effective
weighted by a non-zero admittan¥g € C. Each bus is power input to generatd), the coupling weight$;; :=
connected to the ground via a shunt admittaMgeunai. EEj | Yreaijy | (Maximum power transferred between

If & Ygrouna-i iS zero, the busis said to be floating. Then generatord and j), the singular perturbation parameter
we assume that all buses are floating. For this assumptien,:= Hmax/7fDmin (the worst-case choice dfi;/xfD;),
from a view point of circuit theory all buses of power net-F := (Di/Dmin)/(Mi/Mmay) which will determine the speed
work can be eliminated and results in the reduced ad- of convergence of power network system (4). Then, with
mittance matrixY,eq. This reduction process is said to bewi, Pij, &, andF; the power network system (4) can be
Kron reduction or simply consecutive elimination of float-rewritten as

ing nodes [3].

GivenN generators an buses, the admittance matrix ~ 9i := £ )]
Y ¢ CN+M-Dx(N+M-1) regyited from eliminating théth . E N
bus from the admittance matrik c C(N+M>*(N+M) 5 given eQi = —FiQ + ———(wi - Z Pijsin(si — 6;))  (6)
as Di + Kb i
Y=Y - @ i,je(l. . N-1 (2) Note th.at the gairkp; .Whi.Ch. is mech.anical power input
kk in physical interpretation is involved in damping constant

The reduced admittance matitg is resulted from elim- in thi_s mathematice_ll interpretation. In the system (6) it is
ination of all buses, and relationship between each powBpPSSible to approximate); by zero because the system
unit is obvious by this matrix. Then, using the fact that thé6) converges quickly as compared with system (5) aisd
elementY,cq;, is equal taG;; + jBj;, electrical power output sufficiently small.s takes the value of about 0.01 in 50[Hz]

Pei is or 60[Hz] areas. Then systems (5)-(6) can be transformed
into
>
P&i = - E; Ej {Gij COS6i - 5]) + Bij Sin(5i - (5])} (3) i E; N )
= Fioi = I:)|+—|I<p| wj — ; Pijsm(éi —5j) (7)

whereG;; andB;; are the conductance and susceptance be-
tween generatarand j, andE; is internal voltage of gen- Following these procedures, the approximation model is fi-
eratori. Then, we assume that this power network is lossaally derived as
less model for ultrahigh-voltage power transmission, so the
mathematical model of a power network is derived from . N )
model (1), power output (3), and these assumptions. (Di + Kpj)di = wi = Z Pij sin(@i - 6;) (8)
j#i
H; ..

—5 = Pnj — Kpi6 — Di6 — E?G;

xf This model (8) is called non-uniform Kuramoto model.



3. Synchronization Condition vertices sampled on a grid. According to the previous ar-
guments, the resistance amongfisiently distant lattice
This section states our main result on the power networodes becomes uniform in the large limit. 0O
model and the non-uniform Kuramoto model. This Theorem 1 states that if two models meet condition
(9) and (10), non-uniform Kuramoto model synchronizes,
and power network model can be approximated by non-
uniform Kuramoto model with imperceptible error, that is,
r'although approximation error which is of ordemccurs,

Theorem 1 Consider the power network modg}) and
the non-uniform Kuramoto modé). Assume that models
meet the synchronization condition (9) and initial conditio

(10). power network synchronizes.

oE? _ In order to compare this proposed synchronization con-

= S wi_ Y (9) dition with traditional one, we rewrite condition (9).

R i | DOf D'j
2E° > max{ —2_ _ d (12)
0(0) € [0.7/2-7) (10) RDmax i} | D{Dmax D} Drmax

WhereD; is (D; + Kp;j)/(Dmax + Kmax), R is the ¢gfective 2E2 > maxl ¢ _ wj (13)
resistance[5] andy is (2E2/R)/ {max; j,(wi/D; — w;/D)}. RDmax il \Di D,
Then following (A)-(C) are ensured.

For the non-uniform Kuramoto model, where condition (12) is the rewritten condition and (13) is
(A) Phase Lockingmaxi j, | 6 — 6 I< 7/2 -y the traditional one [3]. The fierence between two condi-
(B) Frequency Entrainmentinin(0) < 6 < Omax(0) tions is clearly the damping constat <> D’'Dpyayx It is

For the power network model, also clear that the proposed condition is more relaxed than

(C) Approximation Error:p(t) — Oy(t) = O(e), Vt>0 the traditional one becaud® Dyay contains the gairkp
wheredp(t) and 6n(t) are the phase of power network Which is variable. Giving a kind of interpretation of this
model and non-uniform Kuramoto model respectively. ~ relaxation from the point of view of sets, since the fact that

D c D’Dnaxis clear, it is also clear that traditional condi-
Proof. The synchronization condition is derived fromtion (13) is included in the proposed one (12).
the theory of Kuramoto oscillator. Theffective resis-
tance or resistance distanBg between two nodes j of 4.
an undirected, connected, and uniformly weighted graph
with LaplacianL is defined as This section deals the main results of the proposal condi-
tion via simulation results. Figure 2-(a) shows the simula-
Rj==(a-e)Li(e-e)=L+L],-2L] (11)  tion results that the power network is in conditions (9)-(10).

) . ~On the other hand, Figure 2-(b) shows ones when the con-
whereeg is defined as the vector of zeros of appropriatgitions (9)-(10) are not achieved.

dimension with entry 1 at positionande; is in the same
way. AndL" is the Moore-Penrose pseudo inverseLof
Sincel" is symmetric andR; := 0 by definition, the resis- | .
tance matrixR is again a symmetric matrix. Thefective ¢,
resistance captures global properties of the graph topology
such as distance and connectivity measures. Many interestt
ing results relatingR, L andL" are found in previous work. T romie
Particularly, there is a notable result that if the number of (@1)E0[s]  (a2)1.0[s] (a3)&3.0[s] (a4)t=10.0[s]
nodes areo their dtective resistancel;; converge to the (a) In Condition

constant fective resistanc® which is used in synchro-
nization condition (9). The following examples demon- [ =*
strate that uniform resistances among a set of nodes oc:  ~
curs for various graph topologies, where we assumed ur;:iﬂ : .

form weightings for simplicity. First, in trivial case, if the ~- fe® ! 1 '
nodes are 1-connected leaves of a highly symmetric graph—— = 2 b T T T e

, o , B
X-Coordinate X-Coordinate X-Coordinate X-Goordinate

among the buses, such as a star-shaped tree, a complet&)l)tzo[s] (b2)t=1.0[s] (b3)t=3.0[s] (b4)t=10.0[s]
graph, or a combination of these two, then tifeetive re- (b) Out of Condition

sistance among the generator nodes is uniform. Second, the
effective resistance in large-scale small-world networks is Fig 2: Phase Shift

known to become uniform amongfiigiently distant nodes

[6]. Third and finally, geometric graphs such as latticegihere these figures show the phase shift of the generators
and their fuzzes are special random geometric graphs wigbhnnecting to the power network such as Figure 1. In these

Simulation Results

¢

1 2 ) -1 0 1 2

1 2 2 1 -1 3
X-Coordinate ¥-Coordinate

- 0 1 2 2
X-Coordinate




figures, the inside dot sequence is a point to have projecteo50[Hz] or 60[Hz] in Japan, USA, and so anjs an or-
the same point of the generators, for exanipleole, onthe der of 10. Therefore, the approximation error is evalu-
X-Y coordinate with center axis of all dynamos Z axis ancated based on wheth@s(t) — 6y (t) is smaller than 16 for
the outside one is the approximation phases of the insidél t. As evaluating approximation like this, from the Fig-
same color phases. Hence the inside dot sequence behawes4-(a), it can be confirmed that if the power network is
as a power network model (4) and the outside one behaviésconditions the approximation is accurate. On the other
as a non-uniform Kuramoto model (8). hand, if the power network is out of conditions an opposite
The validity concerning phase locking (A) of the Theo-phenomena appears in the Figure 4-(b).

rem 1 can visually be confirmed in this Figure 2. In this
simulation, the result of frequency entrainment, (B) of thg conclusions
Theorem 1, can be seen in Figure 3.

This paper studied synchronization in a network-

5 preserving power system model from the background of
6 B e the technical development of smart grid, the complication
312 - b progress of the electric power system and the increasing
g, — w (tymax 3 ——w©@min dependence on renewable energy, such as wind and solar
= / —w (t)min —9
30.8] / o ©max 3 power.
0.61/ — wOnin i We analyzed the dynamical properties of the power net-
A 20 a0 a9 50 % o o 5, Wworks by using Kron rgduction,ﬂiective resistance of the
time [s] time [s] power grid and non-uniform Kuramoto model theory. Con-
(a) In Condition (b) Out of Condition sequently, the synchronization condition (9) and the initial
Fig 3: Frequency Entrainment condition (10) were derived, where the mechanical inputs

of the generators was controlled Bg; — Kp,i(.s. Then, we
discussed the fierences between the proposed condition

imum angular frequency and the maximum one conver d previous one and confirmed the numerical relaxing

between the minimum initial angular frequency and the Iﬂcﬁ sy?f:ron|zat|ondcondg|_;)_n. F'r.'a”Y’ wle ts_howed the
maximum one. That is, it can be confirmed that angul alidity ot the proposed conditions via simulation resutts.

frequency meetdmn(0) < fo < fma(0) in case that the he simulation results of the phase shift, frequency entrain-

power network is in conditions (9)-(10). This is frequencf”ent _and approximation error were seen in the Fig.2-4 re-

entrainment that is (B) of the Theorem 1. On the Othe§pect|vely.
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