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Abstract—In this paper, a mobile robot localization and map-
ping with intermittent measurements is considered. A mobile
robot is arbitrarily placed in an unknown environment and then
must constructs a map and localize itself in the builded map
whenever observations are missing by using H.. Filter(HF). We
show that, even if a measurement data is missing or there are
some uncertainties exist during observations, part of informa-
tion still available for the robot to estimate its location and
landmarks effectively. One solution for the problem is by using
measurement innovation to sufficiently provides information. We
guarantee that, even if measurements are sometimes missing, the
measurement innovations contributes information for estimation
purposes.

I. INTRODUCTION

Mobile robot localization and mapping plays an important
role in realizing autonomous robot behavior. It states a problem
that a mobile robot is placed in an unknown environment and
makes observations about its surroundings. Information are
then used to build a map while at the same time, robot attempts
to localize itself in the constructed map(See Fig.1). The prob-
lem which is also known as SLAM(Simultaneous Localization
and Mapping) problem dominate most of the robot problem
based on the fact that the robot must continuously confirmed
its location to accomplish their given task. The research of
SLAM has been proceeded to either theoretical and practical
approach in various kinds of ways e.g[1], [2], [3]. Up to date,
E.Asadi et al.[1] proposed a method that considered informa-
tion fusion by two different channel of sensory data to enhance
the estimation in SLAM problem. They claimed that this is a
way to improve estimation and lead to better results. SLAM
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Fig. 1. Mobile robot localization

Toru Namerikawa
Department of System Design Engineering
Keio University
3-14-1 Hiyoshi, Kohoku-ku
Yokohama, 223-8522, Japan
Email: namerikawa@sd.keio.ac.jp

depends on the efficiency of robot localization and sensory
data to fulfill it given task. There are also different types of
SLAM approaches available such as EKF(Extended Kalman
Filter), HF, Particle Filtering(PF)[4], [5], etc., which already
been proposed and analyzed in some desirable conditions to
achieve various kind of tasks. However EKF suffer in non-
gaussian noise while PF has high computational cost and is
complex. We seek for a robust filter that can overcome such
problems for SLAM and therefore propose the study of HF-
based SLAM.

In this paper, we investigate the HF-based SLAM con-
vergence and its behavior under intermittent measurements.
Hamzah et.al[6] investigated the convergence properties of to-
wards HF SLAM and they inspires us to determine its potential
in intermittent measurement. Intermittent measurements states
a situation where measurement data is not arrived at a specific
time due to system failure or sensor defects. Mobile robot
equipped with various kinds of sensors fall as one of the
possible candidates in this condition. This is due to some data
may partially lost during its observations.

The research of intermittent measurement have been focused
mainly on Kalman Filter[7][8][9] for network system and
surprisingly very limited studies on mobile robot are found.
Intermittent measurement studies originated in 1969 when
Nahi[9] examined two different cases of data loss and then
derived an optimal estimator as a solution to the problem. His
results are then being analyzed further by some researchers
constitutes more on network packet drops. Sinopoli[7] stated
that a critical value is existed for missing measurement data in
the sensor network and proposed some bounded value to the
expected error. However, their results does not show explicitly
the error bound of the system. Plare and Bullo[8] demonstrated
that there is an exact critical value whenever observations
are missing for a detectable system by analyzing cones of
the positive semidefinite matrix to the system. They claimed
that the critical value is bounded to some exact value which
supports Sinopoli results.

On behalf of robotics research, Payeur[10] studied on the
propagation of uncertainties by using Jacobian to build a scene
of environment in the sense of intermittent measurements. The
information is then being combined into the occupancy grid to



visualize the system characteristics. Other than this approach,
we did not find any analysis of intermittent measurement in
robotics application.

Instead of formulating the problem under the covariance
characteristics which is mostly focussed in this research, the
measurement innovation is applied to contribute information
about the system. We prove that the measurement innovation
defines the system uncertainties whenever measurement data
are missing. To investigate the problem, we present HF-SLAM
as a method to explain the measurement innovation behavior
during intermittent measurement.

This paper is organized as follows. Section II introduces
the problem statement and describes the whole dynamical
system of the robot under HF with an underlying theory on
intermittent measurements. Section IIl discuss and analyzes
the convergence analysis for intermittent measurements and
propose our main results. Section IV determine the experi-
mental results and discussion. Finally, Section V concludes our

paper.
II. PROBLEM STATEMENTS

The HF-SLAM is discussed to understand its estimation
whenever measurements are missing during mobile robot
observations. The mobile robot that does not know its initial
conditions, has to estimate its location and landmarks in a an
unknown environment. The problem describes that, for a given
Y > 0, an H.. Filter attempts to find a solution for estimated
state )A(k, that satisfies

sup Yo | 1Xk — Xl
Xowaw 3 |1 Xo —Xol[2 1 + X3 el 12+ X3 | Iwel 2
0 0 01 k=0 1Vk kl k=0 k le

where Xo,X; € R372" is the robot(€ R?) and landmarks(e
R>™ m =1,2,...,N) states. w, v, are the process and measure-
ment noises with covariance of Q; > 0, Dy > 0 respectively
and Py > 0 is the initial state covariance. The above equation
alternatively means that the estimation error to the noise ratio
is less than a certain level of 7.

To ensure that the robot has a level of confidence about
its position, the measurement innovation is guaranteed to be
available. We made some assumptions as follows.

Assumption 1: Mobile robot is equipped with sufficient
proprioceptive and exteroceptive sensors.

Assumption 2: Landmarks are stationary and robot cannot
sense any occluded landmarks.

An initial study of intermittent measurements using HF has
been proposed by Liu et.al[11]. They designed the filter such
that to achieve better performance in two dimensional system
estimation whenever there is a packet loss during observations.
The suggested that a parameter-dependent technique is appli-
cable in the filter to ensure stability throughout estimation.

In this paper, we analyze the behavior of measurement
innovation towards partially loss measurements. The analy-
sis is mainly cover a case where both measurement data
from proprioceptive and exteroceptive sensors are not arrived.
Finite escape time[12], [13] is not considered in this paper.

A. H., Filter-Based SLAM

We consider a nonlinear discrete-time dynamical system as
follows.

Or1 = O+ fo(wn, v, 60,06v) (1)
Xer1 = X+ (vt 6v)T cos[6] 2)
Yir1 = Y+ (ve+ 6v)T sin[6y] 3)
Livi = Ly “4)

where 6; is the mobile robot pose angle, and @y, v; are
mobile robot turning rate and its velocity. While, x,y; are
the x,y cartesian coordinate of the mobile robot and L; €
R> m = 1,2,...N is each respective landmark location. v
is the mobile robot velocity while @ is the mobile robot
angular acceleration. Both control inputs have noises shown
by 8w, v which defines noises on angular acceleration and
velocity respectively. We denote the robot and landmarks states
by Xi € RG3*+27) from this point. T is the sampling rate.
The process model for the landmarks is unchanged as the
landmarks are assumed to be stationary and are given. Under
HF algorithm, the prediction and update processes which starts
from an initial state is shown by

X = Fx(Xo, @, 0,0,0) )

where F; is the transition matrix, and X; is the predicted robot
and landmarks states. The associated covariance P, is shown
by
P = VfPR[I—y P+ VH 'R 'VHP) 'V
+VG o ZoVGL, (6)

Here Vf, is the Jacobian evaluated from the mobile robot
motion in (1)-(4), X is the control noise covariance and VG,
is the Jacobian transformation for the process noise. When
T=1,

1 0 0 0
—vysin6 1 0 O

Vi = vcos@ 0 1 0 ™
0 0 0 I

where / is an identity matrix with an appropriate dimension.
The above expression can also be written as
P = VAP 'V +VGw L VG, (®)

where vy, =1+ (VH,(TRI:IVHk — y72I)Py. VHy explains the
Jacobian transformation regarding the measurement process
for any landmark i and this is shown later.

The measurement process has the following equation.

ri
Nk+1 |:91:|
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\/ _ 2 L 2
n [ (Xi = Xx1)% + (Vi — Y 1)* + &5
= k+1 Vi—Vk+1
arctan oo Or+1 + &g,
= M 1Hi(Xiy1) + &g, )
where r; and 6; is the relative distance and measurements

between robot and landmark i respectively. This equation show
that the mobile robot measures relative distance and angle from
a specific i’ landmark with some associated noises of £, Eg;.



n is a scalar quantity independent of observation time, k, either
take values of 1 or 0. For a measurement between mobile robot
and any landmark i, we have the following results.

0 % _dw  du dy
VHC = | D ap by iy | 00
2 2 2 2

where r = /(xi —x)2 + (vi — yi)?, dxx = x; — x; and dy;, =
vi — yx. Notice that in (9), unlike the standard HF algorithm,
n is added to the system. 7 = 1 means that the measurement
data are available and n = 0 show the opposite means.

prin=1}t = p (11)
Prin=0} = 1-p (12)
Eln]=EMn’]=p (13)
The corrected state update is describe by
X1 = Xt Kot (He(Xe) — Ho(Xi)) (14)

where K = P(I — Y 2P+ VH,(TR;'VHkPk)_I. The difference
between EKF and HF exist in its gain and state covariance. ¥y
is not included in K} and v, then the equation show the EKF
algorithm. Notice that in (14) onward, H; is replaced by H to
indicate the Jacobian is evaluated at time k.

III. CONVERGENCE ANALYSIS FOR INTERMITTENT
MEASUREMENTS

Before further analyzing the convergence of intermittent
measurements, same notations by Huang et.al[3] are used. For
a mobile robot observing a landmark at point A, the Jacobian
matrix is given by

VHy=[-e —A A (15)
where
0 dxa  dya
e = H A:[_’gﬁ d’ﬁ] (16)
K
with
dxy = [xi—xa] (17)
dys = [yi—yal (18)
ra = y/dxi+dy? (19)

Measurement innovation can be a method to determine
whether estimations are successfully achieved. In HF, the
updated state is given by
fry1 = F+ K Hipr (g — %)
= K+ Kit1dk

(20)
21

From above, we easily understood that the measurement
innovation gives some bounded error to the estimation. In
the case of intermittent observations, if there is a lost of
observation data at a specific time k(1 < k < o), then the
estimation at k probably acquire the previous value at k — 1
as VHp,i1(xy — %) = 0. However we show in this paper,
the measurement innovation has some distinct value, which
specifically contributes the uncertainties information to the
system. The measurement innovation is found by subtracting
(14) from the mobile robot kinematics.

diy1 Fo(Xp) — [Fe(Xk) + Kyt (He(Xe) — He(Xi))]
= (Fo—Kir1He) (X — X) (22)
After one-step prediction, it then further show that
diyr = (Fx— K1 Hy) (X — Xp)
+Ki 2 (HiXe 11 — HiXip1) (23)

The term F, — Ky H; is very important as it determines the
system stability. For a linearized system especially in a case
of a one dimensional monobot(a robot with single coordinate
system), it has been shown that this term is marginally
stable and bounded[9]. In normal HF, it is known that the
convergence properties are similar to Kalman Filter if y is set
to be large enough[6].

The investigation now proceeds to examine the SLAM
convergence in intermittent measurements.

Proposition 1: Let Py = Pl > 0. For n—times successive
observations, a stationary mobile robot state covariance is
monotonically decreasing.

Proof: Given that the initial state covariance, Py as

Py 0
fo= {0 P]

where P,, € R3*3 is the initial robot covariance and P, €

R?m*2m 1y = 1,2,...N as the initial landmark covariance. If

measurement data is not missing, then the analysis can be

derived using the normal EKF algorithm. The covariance

updates is given by (6) and as the robot is non-moving, then
P = PRy

[Py '+ (VH{R'"VH, — v L) (24)

If = POT >0, and utilizing (15) we found that as VH4 =

[-H4s A], we have the following equation. For n—times
observations, the state covariance exhibit the following.
P, = (P*1+nVHA TRYWVH,, —y 72, ))_] (25)
+1 0 AL k k
1 ~-Hi ] .1 ) B
= (Po +”{A£k} Ry [~Hao Ar]—v Ik)) (26)

Calculate further, we arrive in below equation.

P! +n(H{ Ry Ha, — 7 L)
—nAi" Ry, —1Hy,

HT R7'A -
| 7nTAk i 2
Pr;m -‘r}’l(Ak RXk Ak e Ik)

1
Pt

By Matrix Inversion Lemma, we understand that especially
whenever ¥ is choose to has bigger value, the state error
covariance is monotonically decreasing. This characteristics
shown the same characteristics as Kalman Filter. [ ]

A. Intermittent Measurements Analysis

This paper attempts to prove that even if there are some
missing measurements data, the measurement innovation is not
exactly unavailable but bound to some exact value. These in-
formation are important as it provides some variance whenever
the observations data are missing as stated by (21), which then
can be used to infer the measurement innovation covariance
for the system.



Definition 1: Measurement data lost is defined whenever

measurement data is not arrived after one sample time and
occurred randomly in mobile robot observations.
The above definition describes that if a measurement is
unavailable at time k, then 7 = 0. We now demonstrates
how HF behaves if this is partially happened during mobile
robot observations. The expectation of state covariance can be
illustrated by e.g Sinopoli et.al[5] as

E[(zkse1 — Zkr1) (zes1 — 2k+1)T]
= pVHi P VH

Therefore, if the measurement innovation at some specific
times is missing, then state covariance updates is unavailable
and thus it seems that the state covariance take the previous
state covariance data. In this respect, we show that the infor-
mation when the measurements are missing being bounded to
some respective value.

Lemma 1: If the measurement data is not available inter-
mittently at 1 < k < o time, for a robot observing a landmark
and constantly move, the measurement innovation takes the
following expression.

dp = M—1Ak—1(Lm,_, —Ri—1)

where A is defined in (16) and d is the measurement inno-
vation. L,, and R shows the landmark and robot x,y location
respectively.

Proof: We begin the proof by analyzing the measurement
innovation for a specAiﬁc time step[3].

27)

d = z—HX (28)
= NHX+ 0101 — NHX (29)
= NH(X -X)+one (30)

6—6
= nf[-e —-A A]| R—R | + w0 (1)
meAm
= n[-e(0-8)—AR—R) +A(Ln—Ln)]
+m,101 (32)

where A is the Jacobian evaluated at the robot position and
landmarks respectively. Rearranging above and assuming no
noises yield

nle0 +AR—AL,] = —d+ned+AR-AL,] (33)
For better visualization, the analysis moves to next time
update, that expressing the result in Jacobian evaluation in
different time based on the estimated position. This step is also

important as one time observation is insufficient to improve
the position estimation.

M [e6 + AR —A\Ly) = —di + 11 [0 + ARy — A1 L] (34)
M (€6 + AR — AoLyy| = —do + 12 [0 + ARy — AsL,p] (35)
After an arrangement and subtracting above equations, we
arrive in
MmAT e —mASled = —ATNd + AT dy+mAT e
—MAy ey + MR, — MR,

- nlifml + n2i4m2 (36)

When the observation is not available at the 2~"¢ measurement
time, we found that

mAT'ed = —A7'd +A)'d,
+mAT ed + MRy — 1Ly 37
Aldy, = Al'di+mi(Ate(6-6))
R +Lm) (38)
Sody = MA(Lm —R1) (39

Therefore, even if the measurements data are intermittently
missing, we now understand that the estimation is still pos-
sible, especially for a stationary robot case. Measurement in-
novation provides sufficient information regarding the missing
measurement to the system and is employed to update the
estimation. ]
Recognize that 1 is representing the previous observation
which must be available in order to ensure that (39) is
applicable for update purposes. In other words, we distinctly
show that the measurement innovation when measurement data
is unavailable is defined by (39) without the notion of 7.

Corollary 1: If a measurement data is missing intermit-
tently at 1 <k < oo, the measurement innovation is bounded
to the following equation.

dy = Mk—1Aj—1 (Liny_, — R—1) (40)

Proof: The proof is easily obtained by the above lemma.
It is observable that the measurement innovation is bounded
to diy1 = Yi—1Ak+1(Lm, — X»,) if measurement data is not
available at 1 < k < . Note that the measurement innovation
takes either positive or negative values, which also signifi-
cantly means its bounded limit. [ ]

Lemma 2: The measurement innovation is bounded to (41)
even if there are multiple loss of measurement data during
1 <k < oo, observations if and only if Ay = Ag41-

Proof: The proof is easily verified by the above Lemma 1
and therefore, is omitted. |
Above Lemma 1, Lemma 2 and Corollary 1 may sufficiently
describe that, even if measurements data are missing at 0 <
k < n, the mobile robot can estimate its location. And with
respect to the special matrix A, the solution to localization
is guaranteed to be available. Analyzing further the above
Lemma 1 and Corrollary 1, we can determine the relationship
between di;; and dy.

From (40), it has been demonstrated that the measurement
innovation is useful to infer the state error covariance. We
define the Measurement Innovation Error as dy —dyy;. The
measurement innovation error is used to evaluate the state
covariance behavior whenever measurement data is missing.

Theorem 1: If a measurement data is partially having lost
at 1 <k < oo, then the measurement innovation error are shown
by the following.

e(O—1— 1) +Ar_1 (Ri—y — L, ) (41)



The uncertainties is decreasing if below equations are satisfied.

dyA A

(i‘mj( - Iéx) < E (Ry - Lm;,) 42)
dXA A A A dyA A A
2 L —Ry) = O1 = O + Z(Lm; —R,) (43)

This is when a robot is observing at point A and dx,, dys and
ra are shown in (18),(19) and (20) respectively. Lrn‘; , L, state
the landmark number in x — y location being observed by the
robot and R} is the measurement noise at time k — 1. Else, the
uncertainties is increasing.

Proof: Lemma 1 has proven that the measurement inno-
vation when the measurement data is not available is equal
to (40). Furthermore, (40) also equivalently means that if
dy > di.1, then the state covariance is generally decreasing.
This fact is applied to analyze the measurement innova-
tion in a case where measurement data is not available.
To analyze the situation, it can be easily viewed that if
the Measurement Innovation Error |dy| — |dx—1| > 0, then the
measurement innovation error gives information about the
robot confidence in position inference.

ldi| = ldr—1] = Ax(Lumy_, —X,)

—[—e(B—1— B_1)
—Ar-1(R—Ry)

+Ak-1 (Lmk—l - I:mk—l )] (44)

If A = Ay_1, then to ensure the uncertainties is decreasing, it

must satisfy
jdi| = k1| = e(O—1—61)—

Ag1(Ly_, —Ri—1) >0 (45)

This condition is achieved such as if below equations are
fulfilled.

dxa N dys 5«

- (Lm’,( - Rx) < - (Ry - Lm{.) (46)
A § A ’

dxp ~ A d ‘A » A

A —Ry) < B-6+ Lz (L —Ry) (47
rA rA ’

when a robot is observing at point A and dx4, dys and ry
are shown in (17),(18) and (19) respectively. Lm§ s Lm{' state the
landmark number in x —y location being observed by the robot
and R, is the measurement noise at time k — 1. Eq. (45) under
conditions of (46), (47) equivalently states the error becomes
bigger and not converges but bounded by d;. Remark that (46),
(47) are the estimation at k — 1 when the measurement data
is available. Moreover, from (45) it can be deduced that as it
have two opposite values, if (46), (47) are not satisfied, then
the measurement innovation error is decreasing. ]
Based on these results, it we expect that Kalman Filter based
SLAM has the same characteristics whenever the measurement
data is missing during mobile robot observations. However,
this study is left for future development.

IV. EXPERIMENTAL RESULTS AND DISCUSSION

Experiments are conducted for above proposed theorems.
An E-puck robot is used to observe an uknown environment.
We observed the results when measurement data are missing
at 50[s],80[s] and 120[s] for 20[s], 2[s] and 1[s] observations
respectively. The experimental results are evaluated under an
environment that has a non-Gaussian noise as provided in
experimental parameters in Table 1. Note that the initial state
covariance and both process and measurement noises have
the appropriate dimensions to describes the whole system
behavior.

TABLE I
EXPERIMENT PARAMETERS

Sampling Time, T 0.1s
Process noise,Q distribution 1x 1077
Observation noise,R distribution min = [-0.4 -0.05]
max = [1 0.5]
v 9
Robot Initial Covariance Pvv 1 x 10!
Landmarks Initial Covariance Pmm 1 x 102
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Fig. 2. Map construction between normal HF and HF with partially missing
measurement data

Fig.2 illustrates map construction between HF and HF with
intermittent measurements. It is viewable that at certain times,
the estimations are diverging when the measurement data are
not arrived as specified above. Even though the estimation
is diverging for some time, we observe that the estimation
still fairly shows good results for both robot and landmarks.
Besides, RMSE(Root Mean Square Error) are also evaluated
to support this result(Fig.3). There are not much differences
to the normal HF estimations.

Fig.4 explains about the state error covariance update re-
garding both mobile robot and landmarks states. The re-
sults consistently describes the same behavior as presented
on previous figure. The covariance update shows the same
characteristics to normal HF estimation if no measurement
data is arrived. The measurement innovation behavior suf-
ficiently defines the information when measurement data is
unavailable as presented in Fig.5. Some of information refer
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Fig. 4. State error covariance update characteristics

to the previous estimation while others increase or decrease
with respect to the previous estimation. Even though we
observed some difference between these two filter conditions
especially after 50[s], the estimations are still almost result in
the same outcome. Furthermore, we understand that, the filter
is not guaranteed to acquire to the previous information but
interestingly depend on the characteristics described by (40).

A. Discussion

Above experimental results have shown that even though a
measurement data is not arrived randomly at some time, the
estimation is still possible. Besides, these results also signifi-
cantly proved that HF has achieved a desired performance if
the y are properly selected such that satisfying the condition
described in Section II. Furthermore, the finite escape time,
which is a problem in HF, is not occurred during the whole
observations.

V. CONCLUSION

This paper presented the result of intermittent measurements
of some missing measurement data when the robot observing
its environment. It has been demonstrated that even though the
data are missing, the robot is still able to estimate its location
in HE. The results are also consistent with the findings which

Normal HF
(Measurement innovation)

HF with
Intermittent measurement
(Measurement innovation)

0 20 40 60 80 100 120 140
Time(s)

Fig. 5. The measurement innovation characteristics during measurement data
loss at the specified time

is described in the literature. Furthermore, the measurement
innovation of HF finally arrived in the same as the normal
EKF without measurement data lost if measurements are
available after the data lost. The measurement innovation is
also bounded and thus enabling estimation to fairly be done
by the robot.
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