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Abstract This paper deals with an application of H∞ DIA control to the magnetically levitated steel plates.
Our goal in this research is to suspend two thin steel plates stably by using four electromagnets without any
physical contacts. We apply the robust H∞DIA control approach to the magnetically levitated steel plates.
The H∞DIA control problem treats a mixed Disturbance and an Initial State uncertainty Attenuation and
it is expected to provide a good transient property to a control system. Experimental results show that the
proposed robust control approach is effective for suppressing an elasticity vibration of steel plates.
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1. Introduction

The magnetically levitated steel plate technology is
expected to prevent a surface quality of steel plate from
deteriorating in a manufacturing process (1) (2). In or-
der to make this technology fit for practical use, a feed-
back controller should be able to suspend multiple steel
plates, and to suppress an elasticity vibration of steel
plates (3) (4). There have been a lot of related works
concerning magnetically levitated steel plate technology,
e.g., steel plate transport systems, et.al. The multiple
steel plates levitation problem by a single controller has
not been studied and the robust control system design
for multiple plates is expected.

Our goal in this research is to suspend two thin steel
plates stably by using four electromagnets without any
physical contacts. We apply the robust H∞DIA control
approach (5) to the magnetically levitated steel plates.
The H∞DIA control problem treats a mixed Distur-
bance and an Initial State uncertainty Attenuation and
it is expected to provide a good transient property to
the control system.

2. Robust H∞ DIA Control

Consider the linear time-invariant system.

ẋ = Ax + B1w + B2u, x (0) = x0

z = C1x + D12u
y = C2x + D21w · · · · · · · · · · · · · · · · · · · · · · · · · · · · (1)

where x ∈ Rn is the state and x0 = x(0) is the initial
state; u ∈ Rr is the control input; y ∈ Rm is the ob-
served output; z ∈ Rq is the controlled output; w ∈ Rp

is the disturbance. For system (1), a control u(t) is given
by linear time-invariant system of the form

u = Jζ + Ky
ζ̇ = Gζ + Hy, ζ (0) = 0 · · · · · · · · · · · · · · · · · · · · (2)

which makes the closed-loop system internally stable.
For the system and the controls described above, con-
sider a mixed-attenuation problem state as below.

Problem 1 H∞ DIA Control problem (5)

Find a control u(t) attenuating disturbances and initial
state uncertainties in the way that, for given N > 0, z
satisfies

‖z‖2
2 < ‖w‖2

2 + xT
0 N−1x0 · · · · · · · · · · · · · · · · · · · · (3)

for all w ∈ L2[0,∞) and all x0 ∈ Rn, s.t., (w, x0) 6= 0.
Such an admissible control is called the Disturbance and
Initial state uncertainty Attenuation (DIA) control.

In order to solve the problem, we require the following
conditions.
(A1) There exists a solution M > 0 to the Riccati equa-
tion

M(A − B2(D
T
12D12)

−1DT
12C1)

+(A − B2(D
T
12D12)

−1DT
12C1)

T M
−M(B2(D

T
12D12)

−1BT
2 − B1B

T
1 )M

+CT
1 C1 − CT

1 D12(D
T
12D12)

−1DT
12C1 = 0 · · · · · (4)

s.t. A − B2(D
T
12D12)

−1DT
12C1 −B2(D

T
12D12)

−1BT
2 M +

B1B
T
1 M is stable.

(A2)There exists a solution P > 0 to the Riccati equa-
tion

(A − B1D
T
21(D21D

T
21)

−1C2)P
+P (A − B1D

T
21(D21D

T
21)

−1C2)
T

−P (CT
2 (D21D

T
21)

−1C2 − CT
1 C1)P

+B1B
T
1 − B1D

T
21(D21D

T
21)

−1D21B
T
1 = 0 · · · · · (5)

s.t. A − B1D
T
21(D21D

T
21)

−1C2 −PCT
2 (D21D

T
21)

−1C2 +
PCT

1 C1 is stable.
(A3) ρ (PM) < 1

where ρ (X) denotes the spectral radius of matrix X.
Then we obtained the following results.
Theorem 1 (5)

Suppose that the conditions (A1), (A2), (A3) are satis-
fied. Then the H∞ central control is given as

u = −(DT
12D12)

−1(BT
2 M + DT

12C1)(I − PM)−1ζ

ζ̇ = Aζ + B2u + PCT
1 (C1ζ + D12u)

+(PCT
2 + B1D

T
21)(D21D

T
21)

−1(y − C2ζ)
ζ (0) = 0. · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (6)

The H∞ central control (6) is a DIA control if and only
if the condition (A4) is satisfied.

 Kobe-AwajiLDIA 2005                    , JAPAN - 310 -



PSfrag replacements

400

600600

Magnet Aluminium Flame

Sensor
Steel P late

Measuring Point

f1

f2

f3

f4

P1

P2

P3

P4

X

G
Pm

X + x(t) + x0

m = 1 ∼ 4

Magnitude [dB]

FREQUENCY [Hz]

H∞DIA

P ID

Displacement

[m]

Time

[sec]

Fig. 1. System structure
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Fig. 2. Position relation between a electro magnet
and a sensor
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Fig. 3. Magnetically Levitated Steel Plates

(A4) Q + N−1 − P−1 > 0,

where Q is the maximal solution of the Riccati equation

Q(A − B1D
T
21(D21D

T
21)

−1C2

+ (B1B
T
1 − B1D

T
21(D21D

T
21)

−1D21B
T
1 )P−1)

+(A − B1D
T
21(D21D

T
21)

−1C2

+ (B1B
T
1 − B1D

T
21(D21D

T
21)

−1D21B
T
1 )P−1)T Q

−Q(BT
1 − DT

21(D21D
T
21)

−1(C2P + D21B
T
1 )L)T

× (BT
1 − DT

21(D21D
T
21)

−1(C2P + D21B
T
1 )L)Q

= 0 · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (7)

with L := (I − PM)
−1

.

3. System Configuration and Modeling

We have constructed an experimental system for lev-
itated steel plates shown in Fig.1. This system has five
electromagnets and four of them are used in the feed-
back control. Each electromagnet has its own optical
gap sensor across the steel plate as shown in Fig.2. De-
tail specifications of two steel plates: Steel P late 1 and
Steel P late 2 used in experiments are described in Ta-
ble 1. Here the Steel P late 1 is a nominal suspended
object.

Table 1. Specifications for the steel plates

Steel P late 1 Steel P late 2

Wide 500[mm] 500[mm]

Depth 500[mm] 500[mm]

Thickness 0.3[mm] 0.5[mm]

Mass 0.537[kg] 0.937[kg]

In order to derive a model of the system by lows of
physic, we introduce following assumptions.

• The whole system can be divided to four indepen-
dent Single Input Single Output sub-systems.

• Four electromagnets are identical(see Fig.3).
Under these assumptions, we derive the equation of

motion of the iron steel plate and the electromagnetic
force equation as followed (6).

m
d2x(t)

dt2
= mg − f(t) + vm(t) · · · · · · · · · · · · · · · (8)

f(t) = k

(

I + i(t)

X + x(t) + x0

)2

· · · · · · · · · · · · (9)

where m as the mass of the 1/4 steel plate, X as a steady
gap between the electromagnet and the steel plate, x(t)
as a deviation from X, I as a steady current, i(t) as a
deviation from I, f(t) as an electromagnet force, k, x0

are coefficients of f(t), vm(t) as exogenous disturbance
force.

The electromagnetic force (9) is linearized around the
operating point by the Taylor series expansion as

f(t) = k

(

I

X + x0

)2

− Kxx(t) + Kii(t) · · · · · (10)

Kx =
2kI2

(X + x0)3
, Ki =

2kI

(X + x0)2

The sensor provides the information for the gap x(t).
Hence the measurement equation can be written as

yg(t) = x(t) + w0(t) · · · · · · · · · · · · · · · · · · · · · · · · (11)

where w0(t) represents the sensor noise as well as the
model uncertainties.

Thus, summing up the above results, the state equa-
tions for the system (6) are

ẋg = Agxg + Bgug + Dgv0

yg = Cgxg + w0
· · · · · · · · · · · · (12)

xg := [x ẋ]
T

, ug := i, v0 := vm

Ag =

[

0 1
Kx 0

]

, Bg

[

0
−Ki

]

, Dg =

[

0
1/m

]

Cg =
[

1 0
]

Table 2. System Parameter

Parameter Symbol Value

Mass of a quarter of Steel Plate m 134[g]

Steady Gap X 5.0 × 10−3[m]

Coefficients of f(t) k 8.50 × 10−4

x0 2.80 × 10−2

Steady Current I 0.309[A]
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4. Control System Design

Let v0 and w0 be of the form with the frequency
weighting functions Wv and Ww as

v0 = Wv (s) w2 · · · · · · · · · · · · · · · · · · · · · · · · · · · · (13)

Wv = ΦCv (sI − Av)
−1

Bv, Φ = [ 1 1 ]
T

w0 = Www1. · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (14)

The gap x(t) and the corresponding velocity ẋ(t) are
restricted by the weight Θ and the control input u(t)
also should be regulated to suppress the energy, where
its weight is expressed by ρ; i.e.,

z1 = Θxg, Θ = diag
[

θ1 θ2

]

· · · · · · · · · · (15)

z2 = ρug · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · (16)

Finally, we can construct the generalized plant (17) as
in the following;

ẋ = Ax + B1w + B2u
z = C1x + D12u
y = C2x + D21w · · · · · · · · · · · · · · · · · · · · · · · · · (17)

A =

[

Ag DgCw

0 Aw

]

, B1 =

[

0 DgDw

0 Bw

]

B2 =

[

Bg

0

]

, C1 =

[

Θ 0
0 0

]

, D12 =

[

0
ρ

]

C2 =
[

Cg 0
]

, D21 =
[

Ww 0
]

where x := [xT
g xT

v ]T and xv is a state of Wv(s),

w := [wT
1 wT

2 ]T and z := [zT
1 zT

2 ]T .
Now our control problem setup is as followed.

Control Problem Setup: finding an admissible con-
troller K(s) that attenuates disturbance and initial state
uncertainties to achieve DIA condition in (3).

After some iteration in MATLAB environment, the
final H∞ DIA controller was obtained, where the max-
imum value of the weighting matrix N is N = 1.013 ×
10−2. The frequency response of the controller KDIA is
shown in Fig. 4. We designed a PID controller for the
comparison and its frequency response is also shown.
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Fig. 4. Frequency Responses of Two Controllers

5. Experimental Evaluation

We conducted experiments to evaluate properties of
the H∞ DIA controller for steel plate levitation system.

5.1 Nominal Stability and Performance First
we conducted experiments by using the nominal
Steel P late 1. Steady state position responses for sta-
bility evaluation of H∞ DIA control and PID control are
shown in Figs.5 and 8, respectively. These figures show
that H∞ DIA control suppress a vibration of the steel
plate compared with PID.

Transient step responses for performance evaluation
of both controllers are shown in Figs.6 and 9, respec-
tively. H∞DIA shows relatively bigger overshoot but
the steady state vibration is suppressed.

5.2 Robustness for multiple steel plates Ro-
bust stability was checked by using the Steel P late 2.
Steady state response of H∞DIA control and PID are
shown in Fig.7 and Fig.10, respectively. Both controllers
achieve robust stability and the closed-loop system with
both controllers are stable for Steel P late 2.

Our proposed H∞DIA controller suppresses a vibra-
tion of the steel plates and it has a robust stability for
multiple steel plates. H∞DIA control restrains a deteri-
oration and a vibration compared with PID control. The
overshoot of the H∞DIA control should be improved by
MIMO DIA control system design.

6. Conclusion

This paper dealt with an application of H∞ DIA con-
trol to the magnetically levitated steel plates. Our goal
was to suspend two thin steel plates stably by using four
electromagnets without any physical contacts and it was
achieved.

We applied the robust H∞DIA control approach to
the magnetically levitated steel plates and achieved ro-
bustly stable suspension for multiple steel plates. Exper-
imental results showed that the proposed robust control
approach was effective for suppressing an elasticity vi-
bration of steel plates.
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Fig. 5. Steady state of Steel P late 1 for H∞DIA
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Fig. 6. Step response of Steel P late 1 for H∞DIA
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Fig. 7. Steady state of Steel P late 2 for H∞DIA

-0.5 0 0.5 1 1.5 2
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1
x 10

-3

Time [sec]

D
i
s
p
l
a
c
e
m
e
n
t
 
[
m
]

PSfrag replacements

400

600
Magnet

Aluminium Flame

Sensor

Steel P late
Measuring Point

f1

f2

f3

f4

P1

P2

P3

P4

X

G
Pm

X + x(t) + x0

m = 1 ∼ 4

Magnitude [dB]

FREQUENCY [Hz]

H∞DIA

P ID

Displacement

[m]

Time

[sec]

Fig. 8. Steady state of Steel P late 1 for PID
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Fig. 9. Step response of Steel P late 1 for PID
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Fig. 10. Steady state of Steel P late 2 for PID
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